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Summary. — Macroscopic equations of hydrodynamics can be associated with
rigid superconductors through a time-dependent Schro¨dinger-Ginzburg-Landau
equation, as suggested by Fro¨hlich. Here, this issue is re-proposed in a slightly
revised different approach and derived from a Lagrangian, through a variational
procedure. Interesting novel aspects of the hydrodynamic equations for supercur-
rents are placed in evidence. Also, Lagrangian variables are introduced and the
equations of interest are written in these variables in view of an extension to de-
formable bodies.
PACS 74.20.-z – Theories and models of superconducting state.
PACS 03.50.De – Classical electromagnetism, Maxwell equations.
PACS 11.10.Ef – Lagrangian and Hamiltonian approach.
PACS 46.25.Hf – Thermoelasticity and electromagnetic elasticity (electroelasticity,
magnetoelasticity).
1. – Introduction
A phenomenological approach to superconductors is generally based on the Ginzburg-
Landau macroscopic theory, according to which superconductivity occurs if the material
undergoes a thermodynamical phase transition. In this view, the free-energy density of
the superconductor is assumed to depend, among the other thermodynamical quantities,
on an internal variable, which is expressed by a complex-valued quantity. This quantity
plays the role of an order parameter, whose real-valued norm is intended to represent the
supercharge density and accounts for a second-order thermodynamical phase transition
from the normal to the superconducting state.
In view of focusing the attention on the transition point, the free energy is typi-
cally expressed as a polynomial expansion of the order parameter around this point. It is
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worth remarking that the coefficients of the polynomial expansion depend on the temper-
ature and in deformable superconductors possibly on the deformation tensor. Variational
methods lead to the Ginzburg-Landau equation that governs the order parameter [1-7].
This equation is here extended into the dynamical framework through a variational
procedure. This procedure also provides an equation for the supercurrents, which, in the
presence of electromagnetic fields, re-proposes an extended complex-valued form of one of
London’s equation. An interesting remarkable aspect of this quasi–quantum-mechanical
approach is the gauge invariance of all equations of interest.
In a very concise though suggestive paper, Fro¨hlich [3] shows that a time-dependent
Ginzburg-Landau equation can be derived from two equations, namely the continuity
equation and the balance of momentum for a specific Eulerian compressible fluid. The
velocity field of this fluid is related to the aforementioned London equation. Prove
of this equivalence with the aforementioned ideal fluid is not carried out explicitly by
Fro¨hlich. Here a Lagrangian density is introduced, from which the time-dependent
Ginzburg-Landau (GL) equation is derived as an Euler-Lagrange equation. From this
equation the Euler hydrodynamic equations of interest are derived through a simple
procedure. One of the results of this approach is that the Eulerian fluid is naturally gov-
erned by a hydrodynamic enthalpy, differently from Fro¨hlich, whose equations explicitly
introduce the pressure acting on the fluid. The present derivation also places in evidence
that the Eulerian fluid can be associated with a classical Schro¨dinger equation or with
a large class of nonlinear Schro¨dinger equations. In all these cases the structure of the
associated Euler equations for ideal fluids remains unaltered, as the non-linear terms only
contribute to the hydrodynamic enthalpy. It is also worth noting that in all these cases
the flow is an irrotational flow in the absence of electromagnetic fields. In the presence
of electromagnetic fields the Euler equations for the associated fluid are coupled with the
Maxwell equations through the curl of the velocity field.
Finite deformations in superconductors affect not only the mechanical behaviour of the
body, but also the electromagnetic fields and thus the electromagnetic vector potential,
which plays a dominant role in the phenomenological description of superconductivity.
In this framework, the vector potential and the whole set of the Maxwell equations are
expressed in Lagrangian form. These equations preserve their form provided that the
electromagnetic fields are suitably transformed through the deformation gradient and the
velocity. The question may arise as whether the form of the GL equation and London’s
laws should remain invariant in the Lagrangian description.
2. – Maxwell and London’s equations
In the following, all fields are understood as functions of the spatial position x ∈ E3 =
{Euclidean space} and the time t ∈ R. Equations and physical quantities are written in
SI units. London’s conjecture for superconductors is expressed by the equation [7-10]
(2.1) −Λcurl js = B,
where B denotes the magnetic induction, js the supercurrent density. The phenomeno-
logical constant Λ is usually written as Λ ≡ (μ0λ2)−1, where μ0 denotes the magnetic
permeability of a vacuum and λ London’s penetration depth [7,9]. Hereafter, the relative
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permeability is assumed to be 1. The Maxwell equations for bodies at rest read
divB = 0,(2.2)
curlE +
∂B
∂t
= 0,(2.3)
divD = ρf ,(2.4)
curlH = j +
∂D
∂t
,(2.5)
where E and H respectively represent the electric and magnetic fields, D the electric
displacement, ρf the electric free charge density and j is the total free current [11,
12]. Equations (2.2) and (2.3) lead to the notion of electromagnetic scalar and vector
potentials ϕ and A, respectively, as follows:
B = curlA,(2.6)
E = −∂A
∂t
−∇ϕ.(2.7)
Equations (2.1), (2.6) and (2.7) lead in turn to the two celebrated London laws
Λjs = −A +∇g,(2.8)
Λ∂js/∂t = −E +∇f.(2.9)
The symbol ∇ denotes the gradient operator. g and f are arbitrary functions of x
and t, which need further specifications. The identification f ≡ ϕ is due to Fritz and
Heinz London [9] and a remarkable result of this identification is that eq. (2.9) predicts
no acceleration of the supercurrent in the presence of an electrostatic field, for which
E = −∇ϕ. The arguments for these assumptions, though interesting, are omitted here.
Additional assumptions, which are suggested by the form of the Maxwell equations
for a moving charged particle and are based on the Lorenz-Lorentz gauge conditions, are
A ≡ c−2ϕv,(2.10)
Λρs ≡ −c−2ϕ,(2.11)
ρs being the supercharge density and c the speed of light. The following equations can
be derived from the aforementioned equations and assumptions:
∇2A− c−2 ∂
2A
∂ t2
= λ−2A,(2.12)
∇2ϕ− c−2 ∂
2ϕ
∂ t2
= λ−2ϕ,(2.13)
∇2H − c−2 ∂
2H
∂ t2
= λ−2H.(2.14)
It is worth remarking that Maxwell equations only entail the conservation of the total
charge. The conservation of the supercharge is an additional assumption, which reads [10]
(2.15) div js +
∂ρs
∂t
= 0.
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For stationary fields, the Lorenz-Lorentz gauge condition reduces to the Coulomb gauge
condition divA = 0 and eq. (2.14) reduces to the well-known equation
(2.16) ∇2H − λ−2H = 0,
which accounts for the Meissner-Ochsenfeld effect in superconductors [2-10]. Another
interesting result stems from eq. (2.15), which for stationary fields reduces to
(2.17) div js = 0.
Substitution of eq. (2.8) into (2.17) addresses a harmonic function for g, which identically
vanishes in a simply connected domain for homogeneous Dirichlet boundary conditions.
Under these assumptions, eq. (2.8) is deprived of the term ∇g and expresses London’s
law such as currently found in the literature.
3. – A moving point-wise charged particle: preliminary recalls
Consider a point-wise moving charge that is acted upon the Lorentz force. The
equation of motion in terms of the electromagnetic potentials reads
(3.1) m v˙ = q(E + v ×B) = q
(
−∂A
∂t
−∇ϕ + v × curlA
)
,
where m and q are the mass and the electric charge, respectively, of the particle of interest.
v ≡ x˙(t). The following Lagrangian and momentum are associated, respectively, with
eq. (3.1):
L =
mv2
2
− q(ϕ−A · v),(3.2)
p = (∂L/∂v) = mv + qA.(3.3)
The related Hamiltonian is
(3.4) H = 1
2m
(p− qA)2 + qϕ.
In the quantum-mechanical treatment, p and H have to be understood as specific dif-
ferential operators that act upon a complex-valued (wave) function ψ(x, t), which is also
associated with the particle. More specifically, p ≡ −ι ∇ andH ≡ − 22m (∇− ιq A)2+qϕ,
 representing the reduced Planck constant and ι the imaginary unit. In this context, an
additional equation is introduced, the Schro¨dinger equation, which governs ψ(x, t) [11,13]
(3.5)
{[

2
2m
(
∇− ιq

A
)2
+ qϕ
]}
ψ(x, t) = −ι∂ψ
∂t
.
An analogous equation, which differs from eq. (3.5) for the positive sign on the r.h.s.,
governs the complex-valued function ψ, conjugate of ψ.
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4. – The Eulerian fluid associated with the moving particle
Equation (3.5) explicitly reads
(4.1)

2
2m
{∇2ψ− (q/)2A2ψ− ι(q/)[2A · (∇ψ)+∇ ·A]ψ}+(2m/2)qϕψ+ ι∂ψ
∂t
= 0.
The possible solution for this equation can be written in polar form as follows:
(4.2) ψ(x, t) = ρ1/2(x, t) exp
[
ι
m

θ(x, t)
]
,
so that ψψ = ψψ = ρ.
Replacement of eq. (4.2) into (4.1) leads to the equation
(4.3) ιb +

2
2m
[a · a + diva− (q/)2A2 + ι(q/)(2A · a + divA)] + qϕ = 0,
where
a ≡
(∇ρ
2ρ
+ ι
∇θ

m
)
and b ≡
(
1
2ρ
∂ρ
∂t
+ ι
m

∂θ
∂t
)
.
Two equations stem from eq. (4.3) by splitting it in its real (Re) and imaginary (Im)
parts. Im (eq. (4.3)) corresponds to the equation
(4.4)
∂ρ
∂t
+ (∇ρ) · (∇θ) + ρdiv(∇θ)− (∇ρ) · (q/m)A− ρdiv[(q/m)A] = 0
or, equivalently, to
(4.5)
∂ρ
∂t
+ div ρ[∇θ − (q/m)A] = 0.
From Re (eq. (4.4)) the following equation is derived:
∂θ
∂t
+
(∇θ)2
2
+ 2[(q/2m)A]2 − (q/m)A ·∇θ −
(

2m
)2
(4.6)
×
[
1
2
(∇ρ
ρ
)2
+ div
(∇ρ
ρ
)]
+ (q/m)ϕ = 0.
This equation can be more concisely written as
(4.7)
∂θ
∂t
+
1
2
v2 +
(

2m
)2
η + (q/m)ϕ = 0,
where
(4.8) v = [∇θ − (q/m)A]
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and
(4.9) η ≡ −
[
1
2
(∇ρ
ρ
)2
+ div
(∇ρ
ρ
)]
≡ 1
2
(
ρ∇
(
1
ρ
))2
+ div
(
ρ∇
(
1
ρ
))
.
Note that v(x, t) is the velocity field that is associated with the particle through the
momentum operator as follows:
(4.10) mv =
ψpψ − ψpψ
2ψψ
− qA = −ι
2
(a− a) = m[∇θ − (q/m)A],
where p ≡ ι ∇ and a denotes the conjugate of a.
Perform the gradient of eq. (4.7) and take into account that spatial and time derivative
commute with one another. The result is the following:
(4.11)
∂
∂t
(∇θ) + 1
2
∇(v)2 +
(

2m
)2
∇ η + (q/m)∇ϕ = 0.
By taking into account eq. (4.8), eqs. (4.5) and (4.11) can be written in terms of the field
v as
∂ρ
∂t
+ div(ρv) = 0,(4.12)
∂v
∂t
+ (∇v)v = −
(

2m
)2
∇ η + e,(4.13)
where
(4.14) e ≡ −(q/m)
[
(∇ϕ) + ∂A
∂t
+ (curlA)× v
]
= (q/m)(E + v ×B).
Equations (4.12) and (4.13) represent the Euler equations for a compressible rotational
fluid of density ρ, which are similar to those introduced by Fro¨hlich [3]. Equation (4.13)
is governed by the enthalpy η and by the electromagnetic force per unit mass e, which
establishes a coupling of the Euler equations with the Maxwell equations. In is worth
noting that, in the absence of electromagnetic fields, θ plays the role of a velocity potential
and the flow is an irrotational flow. Differently, the flow is a rotational flow in the presence
of electromagnetic fields and the following relationship holds true, with reference to
eqs. (4.8) and (2.6):
(4.15) curlv = (q/m)B.
The phenomenological relevance of these results emerges in the case that a large
number of particles share the same complex-valued wave function. Of course, this is not
the general case. However, it can be the case of bosons in a condensed state. It is the
case of Cooper “electron pairs” at very low temperature, namely of supercharges and
supercurrents [2-7].
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5. – Time-dependent Ginzburg-Landau equation: the supercurrent as an Eu-
lerian fluid
A macroscopic wave function enters the Ginzburg-Landau thermodynamical theory of
phase transition for superconductors, according to which superconductivity represents a
specific thermodynamical phase of a material. The macroscopic time-independent wave
function, which in the following is still denoted as ψ(x) by abusing notation, governs the
second-order thermodynamical phase transition from the normal to the superconducting
state, through the free-energy density
(5.1) F (ψ,ψ, (∇A ψ), curlA, T ) = γ
2
2
|∇A ψ|2 − c(ψψ)2 + d2(ψψ)
4 +
1
2μ0
(curlA)2,
where ∇A ≡ (∇− ι kγ A). c and d are possible functions of temperature T . Reference to
the microscopic description suggests the following identifications: k ≡ ( q∗m ) and γ = ( m ),
q∗ representing the charge of Cooper’s “electron pairs” and m their mass.
The Euler-Lagrange equations that are associated with the free energy F are
1
μ0
curl(curlA) =
∂F
∂A
≡ kγ
2ι
(ψ∇ψ − ψ∇ψ)− k2(ψψ)A,(5.2) {
γ2
2
|∇A|2 + c− d(ψψ)
}
ψ = 0.(5.3)
An analogous equation can be derived for ψ.
With reference to eqs. (4.2) and (4.8), the r.h.s. of eq. (5.2) also reads
(5.4)
kγ
2i
(ψ∇ψ − ψ∇ψ)− k2(ψψ)A = kρ(∇θ − kA) = kρv ≡ js,
js being the flow of the supercurrent.
In order to derive a time-dependent GL equation for the macroscopic wave function
ψ(x, t), the Lagrangian density L is preliminarily introduced in the absence of electro-
magnetic fields as
(5.5) L =
γ2
2
|∇ψ|2 + γ
2ι
(
ψ
∂ψ
∂t
− ψ∂ψ
∂t
)
− c(ψψ)2 + d
2
(ψψ)4,
whence the following equation is derived:
(5.6)
γ2
2
∇2ψ + [c− d(ψψ)]ψ − γ
ι
∂ψ
∂t
= 0.
It is worth noting that eq. (5.6) is a non-linear time-dependent equation that shares the
structure of the Schro¨dinger equation [6].
In the presence of electromagnetic fields, the proposed Lagrangian density slightly
modifies with respect to (5.5) as follows:
(5.7) Lem =
γ2
2
(∇Aψ) · (∇Aψ) + γ2ι
[
ψ
(
∂ψ
∂t
)
ϕ
−
(
∂ψ
∂t
)
ϕ
ψ
]
+ Fˆ [ψ,ψ, (curlA)],
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where
(∇Aψ) ≡
(
∇+ ιk
γ
A
)
ψ,(5.8) (
∂ψ
∂t
)
ϕ
≡
(
∂
∂t
+ ι
k
γ
ϕ
)
ψ(5.9)
and
(5.10)
(
∂ψ
∂t
)
ϕ
≡
(
∂
∂t
− ιk
γ
ϕ
)
ψ.
The Lagrangian (5.7) entails the following time-dependent Ginzburg-Landau-Schro¨dinger
equation:
(5.11)
γ2
2
(∇A)2ψ − ∂Fˆ
∂ψ
=
γ
ι
(
∂ψ
∂t
)
ϕ
,
where (∇A)2ψ ≡ (∇A) · [(∇Aψ)].
If Fˆ ≡ −c(ψψ)2+ d2 (ψψ)4+ 12μ0 (curlA)2, eq. (5.11) reduces to eq. (5.3) for stationary
fields.
By re-proposing the arguments and the treatment expounded in sect. 4, the equations
of an Eulerian compressible fluid can be straightforwardly associated with eq. (5.11).
Thus, the supercurrent is described by the flow of an Eulerian compressible rotational
fluid, in the context of GL theory [3]. Note that the structure of the associated Euler
equations, such as derived in sect. 4, is unaltered by the presence of the non-linear terms
that are possibly included in (∂Fˆ
∂ψ
). In fact, these terms would only affect the form of the
hydrodynamic enthalpy.
Natural boundary conditions for eq. (5.11), which are based on the operator ∇A,
read
(5.12) ∇Aψ · n = 0,
where n denotes the outward unit normal to the boundary of the domain of interest. It
is not difficult to check that eq. (5.12) splits into the two following boundary conditions,
which are clearly consistent with the classical conditions for the associated Eulerian fluid:
∂ρ
∂n
= 0,(5.13)
v · n = 0.(5.14)
It is worth remarking that eq. (5.11) is gauge invariant both with respect to the
electromagnetic gauge transformations and with respect with the following gauge trans-
formations [6, 14,15]:
(5.15)
(
∂
∂t
)
→
(
∂
∂t
)
ϕ
; ∇→∇A.
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6. – Deformable superconductors
Deformation may remarkably affect the behaviour of a superconductor. In some
circumstances, the onset of supercurrents benefits from a deformation, which can drive
the transition to the superconductive state to a noticeably higher temperature with
respect to the standard range. Some recent results in superconducting films that are
subject to infinitesimal deformations are provided and expounded in [16]. These results
are within the classical GL theory. Finite deformations, however, do not only affect the
constitutive response of a superconductor. They also affect the Maxwellian fields in the
undeformed reference configurations and in turn the electromagnetic potentials. The
question may arise then as whether the deformation should also enter the microscopic
description or influence the macroscopic wave function.
Denote by VR and V the undeformed and the current configuration, respectively, of
a superconductor. x = χ(X, t) represents the motion, where x ∈ V and X ∈ VR. F
denotes the deformation gradient, whose transpose is FT and v the velocity. C ≡ FT F
and B ≡ F FT are, respectively, the right and left Cauchy-Green deformation tensors.
As usual, detF ≡ J > 0 [17].
The Maxwell equations in VR read
DivBR = 0,(6.1)
CurlER + B˙R = 0,(6.2)
DivDR = Jρf ,(6.3)
CurlHR = jR + D˙R,(6.4)
where the differential operators Div, Curl and ∇R are defined in VR [18-22]. Su-
perposed dot denotes the Lagrangian or material time derivative. Specifically, B˙R ≡
d
dt [BR(x(X, t), t)]X. The correspondences among the Lagrangian and the Eulerian fields
are
DR = JF−1D; BR = JF−1B; ER = FT(E + v ×B);(6.5)
HR = FT(H − v ×D); jR = JF−1(j − ρfv).
The electromagnetic potentials in Lagrangian form φ and AR are derived as in sect. 2
through eqs. (6.1) and (6.2) as follows:
BR = CurlAR,(6.6)
ER = −A˙R −∇Rφ.(6.7)
The following relationships hold true:
(6.8) AR = FTA and φ(X, t) = ϕ− v ·A.
In the reference configuration of a superconductor, London’s law (2.8) is possibly
written as
(6.9) Λ(js)R = −AR +∇RG.
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Then, by taking into account eqs. (6.5)5, (6.8) and eq. (6.9), the supercurrent flow in V
reads
(6.10) Λjs = J−1B(−A +∇Gˆ).
Note that the presence of deformation tensor B introduces a sort of anisotropy for the
behaviour of the supercurrent in the current configuration.
It is worth remarking that the classical gauge conditions, which play a fundamental
role in deriving the Maxwell-London equations, are poorly significant in this context. In
fact, the Lorenz-Lorentz gauge conditions for the Lagrangian potentials do not entail,
as in the classical case, the remarkable result of providing uncoupled wave equations for
the Maxwell fields in Lagrangian form [15, 22]. Thus, the arguments and the reasoning
of sect. 2 cannot be straightforwardly applied in this framework.
A possible macroscopic wave function Ψ could be introduced in the reference con-
figuration of the deformable superconductor, having in mind the Ginzburg-Landau the-
ory [14]. In this framework, the related free-energy density per unit volume of the refer-
ence configuration should depend on the Lagrangian fields and specifically on (CurlAR)
and on [(∇R)AΨ] ≡ [∇R − i kγ AR]Ψ and the related possible Lagrangian density on Ψ˙
as well. If such dependence is quadratic in [(∇R)AΨ] and specifically is of the form
{J γ22 [(∇R)AΨ] · [(∇R)AΨ]}, an expression for the supercurrent flow in VR, that is sim-
ilar to eq. (5.4), is derived in terms of Ψ from a standard variational procedure. The
consistency with eq. (6.9) of this expression for the supercurrent stems in a natural
way. Consistency for the mass density transformation from the reference to the natural
configuration suggests also writing
(6.11) Ψ = J1/2Ψ˜,
so that ΨΨ ≡ ρR = Jρ˜ ≡ Jψψ˜. Ψ possibly satisfies an equation that is the ana-
logue of eq. (5.3) or of eq. (5.6), though stated in the undeformed configuration of the
superconductor. By re-proposing once more the arguments of sects. 4 and 5 in this con-
text, an Eulerian compressible fluid can be still associated with the supercurrent in this
configuration.
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